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Narrow Wall Axial-Slot-Coupled T Junction
Between Rectangular and
Circular Waveguides
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Abstract —This paper presents an analysis of a T junction between
rectangular and circular waveguides coupled through a long axial slot in the
narrow wall of the rectangular waveguide. A moment method with entire
orthogonal basis functions is used for deriving the expressions of the
elements of the scattering matrix. The effect of the wall thickness is taken
into account by treating the coupling slot as a short section of a rectangu-
lar waveguide and matching the boundary conditions at the interfaces. The
conditions satisfied by the scattering matrix of the junction are verified. A
comparison between the theoretical and experimental results on variation
of coupling with frequency is presented.

I. INTRODUCTION

NVESTIGATIONS on T junctions between rectangular

waveguides coupled through a rectangular slot in the
feed waveguide have been reported in the literature [1]-[4].
Equivalent networks of symmetrical H-plane and E-plane
T junctions of rectangular and circular waveguides coupled
by a small elliptical /circular aperture in the narrow wall of
the rectangular waveguide were presented by Marcuvitz
[5], assuming zero wall thickness and using an integral
equation approach. It would therefore be of interest to
solve the problem of long slot coupling for a T junction
between rectangular and circular waveguides in which the
T arm 1s the circular waveguide.

In the present paper, a moment method analysis with
entire basis functions which takes into account the effect
of finite waveguide wall thickness and higher order mode
coupling within the slot in the narrow wall of the rectangu-
lar waveguide is used to determine the electric field distri-
bution in the slot aperture [6].

The coupling slot is regarded as a short section of a
rectangular waveguide. The electric fields at the two inter-
faces of this waveguide section are determined from the
boundary conditions and the relations between the inci-
dent and reflected waves at the two interfaces. From a
knowledge of the electric field distribution at the two
interfaces, the amplitude and the phase of the reflected
and coupled waves are found.

The problem is formulated for the cases where the signal
is fed to one of the arms of the rectangular guide and to
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Fig. 1. T junction between rectangular and circular waveguides.

the circular guide, the other ports being assumed match
terminated in both cases. The variation of coupling with
frequency for a particular slot length is evaluated for both
cases, and a comparison with the experimental data is
presented.

From the results of the analysis, the scattering matrix of
the junction is found, and the conditions satisfied by the
scattering matrix of such a junction of dissimilar wave-
guides are verified. This is believed to be the first evalua-
tion of the scattering matrix parameters of this type of
junction using the moment method analysts.

II. ANALYSIS

Fig 1 shows the geometry of a T junction between
rectangular and circular waveguides, coupled through a
long axial slot of length 2L and width 2W, centered in the
narrow wall of the rectangular waveguide.

A rectangular slot in the narrow wall of a waveguide of
wall thickness ¢ can be regarded as a short section of a
rectangular guide, as illustrated in Fig. 2 (expanded view).
Since the width of the slot is very small, variation of the
field along the narrow dimension of this slot waveguide is
neglected. The field inside the short waveguide section
(@ -(@ is therefore described as a superposition of TE
modes.

Following the moment method analysis with entire basis
functions as suggested by Josefsson [6], the analysis of the
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Fig. 2. Representation of the coupling slot as a section of a waveguide,

coupling the rectangular and circular guides.

T junction of Fig. 1 is carried out on the basis of the
boundary conditions at the interfaces (@) or (I/II) and ®
or (II1/1V) of Fig. 2 for the cases when (i) the signal is fed
to port (1) of the rectangular guide and (ii) the signal is fed
to port (3) of the circular guide.

A. Case (i): Signal Fed to Port (1)

The excitation is applied to port (1) with the other ports
being assumed match terminated. For an ith mode travel-
ing in the waveguide section (@)—(b) toward interface (@),
continuity of the tangential magnetic fields at the same
interface yields the following equation:

N
EreY~ ) E
g=1
where E;" and E_ are the amplitude coefficients, having
dimensions of V/m, and the superscripts + and — indi-
cate the directions of propagation as shown in Fig. 2. HS,
is the transverse component of the magnetic field in the
circular guide, due to the electric field in the slot aperture
(L/11) at interface (@), and has the dimension of A/m. The
basis functions e, and e, are dimensionless quantities,
given by [6]

e,Y,=Hg(E'e,)+ Hy(E7e,) (1)

e,(Z’)=sin;—Z(Z’+L) (J=gq,i) (2)

and Y, is the modal admittance for the TE,, modes in the
waveguide section. Further, HS. is evaluated as a function
of Efe, and Ee, and is expressed in the form

Hy=E/(e;) (J=4.i). (3)

Taking the inner products of (1) with the testing func-
tions

(4)

and considering the superposition of TE,, modes, the
following matrix equation is obtained:

[E"Ju= Y] ' [A][E* |- (5)

The elements of the square matrices on the right-hand side

in " (z'+ L
ws—smzL( + L)
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of (5) are of the form
Yo =(&e,), W)+ Y 2LWS, (6)
hfsw= _<§ (el)’ws>+ leLWazs (7)
and & is the Kronecker delta. .

For a dominant mode incident magnetic field H2* from
port (1) and the ith mode excited in the waveguide section
@—@, the boundary condition at the interface (%) is of
the form
Hy(Ee)+ Hy(E;

e,)+HY*=— E eY,+ Z E}eY,

a1

(8)
where HJ, is the longitudinal component of the magnetic
field (A/m) in the rectangular guide, due to the electric
field distribution in the slot aperture (111 /IV) at the inter-

face (b), and is expressed as a function of E ,e,and Ee,
in the form

Hy=Eg(e,)  (J=q.). (9)
The expression for H¢ in the rectangular guide of Fig.

2 is given by {8]
1 = 2 7Y 10
on B V 15 ¢ F e (10)

Equation (10) is substituted into (8) and the inner products
with the testing functions of (4) are evaluated. The full
solution, obtained by taking the superposition of the inci-
dent TE,, modes, is of the form [6], [9]

Hmc ~j,BZ’.

LE* Y= DY A B =[]} (1)
where the elements of the column matrix [/#1°°] are
' hmc <H1nc’ W, > (12)

and the elements of the square matrices [Y™] and [2™]
are

Y= (& (e,),w)~Y,2LWS,, (13)
hiy=—(&(e,), w) = V2LWS,. (14)

The incident and reflected waves at the two interfaces
are related by the equations

[E+]II=[B][E+]III (15)

and
[E” lm=[BIE™ ]u (16)

where [ B] is the diagonal matrix with elements exp(— y,4t),
v,o being the propagation constant of the ith TE mode in
the waveguide section @—@ and i=1,2,3,---, N. Over
the frequency range of interest, 8.4 to 9.6 GHz, for a slot
length of 1.690 cm, v, Y30:* - *» Yao are always real, and
Y10 18 real for frequencies below 8.876 GHz only.

Combining (15), (16), (5), and (11), the total tangential
electric field at interface (b) is obtained in the same form
as given in [6, eq. (23)] (however, the individual matrix
elements will be different), and is expressed as

[E*'] = {[U1+[BI[Y*] (A BI}E T (17)
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where

[E* Juwe= {[Y™] 7" [ 1[BIY"] '[he][B]-[U]}
[y Ae] (18)

[U1]is the unit matrix, and the superscript 1 indicates that
the excitation is from port (1) of the rectangular guide.

In similar fashion, the total tangential electric field in
the aperture plane of the slot at interface (@) is obtained

by combining (15), (5), and (18) as
[E<'] = {[B]+[Y"] "[A1[BI}[E*]m. (19)

The expressions for the elements of the different matri-
ces appearing in (17)-(19) are derived in the following
section.

B. Expressions for Elements of the Matrices for Case (i)

Using (10) and (4) in (12) and carrying out the integra-
tion over the slot aperture, the elements of the column
matrix [h'"¢] are obtained as

- 1 = [ 2 2W(sw/L)
© Jjew BV AB B2 (sm/2L)

—cosBL for s odd
' [ — jsin SL for s even] (20)
where
i 28" 1 21
-2y 15) -1 ()

Using (2), the relation for the Z-directed magnetic cur-
rent in the slot aperture (II1/IV) of the form

MU, = E;e,(Z)Uy| XUy (J=¢.01) (22)

and following the method suggested in the literature [10],
[1], the expression for Hj(e;) is derived, from which
£'(e;) is obtained as

f(ej)— ii

n o m

an mmaY

S
4 9T

nw 51n(n77W/A)
2) naW/A }

{ZWcos (

1 L
—T—i 2ySIH{Z(Z+L)}
(5]

Jw \?
J K2 —
CREA)
+(J7r/2L)e_7L(K2+yz)(ekyz—eYZCOSJw)}

(23)

€, are the Neumann numbers and vy =

n° n

\/(HW/A)2+ (mvr/B)z— K2,

where ¢
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Equation (23) is substituted into (13) and (14) and the
matrix elements are obtained as

Y=Y, - Y2LWS,, (24)
and
Y=~ Y-Y2LWS, (25)
where
- 1 @ew) iienem na\ sin(naW/4)\*
5 jop  AB P (2) naW/A
Ju/2L sm/2L  2(K?++v?)
Jm \* ) s \2 Y
+ -
v +(5z) 7o)
_{1+e27L forJ,sodd}
1—e 2t for J, s even

K>~ (Jn/2L)°
+ _—

J7
+
v (ZL)

for J odd, s even and s odd, J even.

Js

=0

(26)

Derivation of the expressions for the matrix elements
using (6) and (7) demands a knowledge of the magnetic
field HS. in the transverse plane of the circular guide at
interface (@) of Fig. 2. HJ, can be expressed in terms of
the radial and circumferential components of the magnetic
field in the transverse plane of the circular guide as [8]

Hg = H,sing + Hycos . (27)

H, and H, can be obtained from the formula for the
total transverse component H,, available in the literature
[3], [4], [8]. Substituting the expression for H%. thus ob-
tained into (6) and (7), the elements of the square matrices
[Y*] and [A°"] are obtained as

Y= }:Z[ Vi Y VI Vi Y + Y, 2LWS,,
(28)
hlL‘;V Z Z[ np,: np s np I/n’; zI/n’; szn’;] + Y2LW6
(29)
where
Ve, =—4 “ .
nper 7( X2~ n?) J,(X1,)
( ra fW L ( rnZ’ )
sin| — cos
x=0'2=0 2L
n Xy,
o)
p a
0
g, 1(X )smmpsmqb} dz'dx’ (30)
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€,

1
R e
7 anJn+1(an)

(T w L rnZ’
sl T[S oo 21 )

nJ X P 1
. —; n( ,,p;)cos(n-k )o

mo .
I/np,r -

Xop P
+ p Jn_l(an;)cosn¢cos¢ dz’'ax’ (31)

for all n odd and r =g¢, i, or 5. Also

o=y(x)*+(2)’
Yn

Y, = L Ym=

Jwp Yap

¢=tan ' (Z'/X)

Jwe

-an..—_ (KC2_K2)

with
’

X,
K (TE) =
a

X,
and K (TM)=—"%.
a

C. Case (ii): Signal Fed to Port (3)

Consider the T junction of Fig. 1 when the input is from
the circular guide (T arm). For a dominant mode incident
wave HP%* in port (3) of Fig. 2, the boundary conditions
at the two interfaces are

N
é’(E;eq) - X E;equ
g=1

== [Hé'(Ei_et) + El—elYl]

at® (32)

and
N
Hy(Eje,)+ Y E ey,
g=1

=—[HS(E'e;,)—E}e Y| -2HZ®  at(@. (33)

Using relation (27) and the expressions for the orthonor-
malized H, and H, components available in the literature
for the dominant mode in the circular guide [8], the

expression for H%® is obtained as

2 i [Xfl (Xflp)
Hpe3 = —J/| —— |sin’¢
W(Xl'lz—l) Jl(Xl’l) a ! a
1 [ Xfip ,
+ —Jl( = )cos2¢}e‘fﬁuy. (34)
P a

The superscript 3 indicates the port of excitation, and 8,
and Y are the phase constant and characteristic wave
admittance of the dominant mode. The factor of 2 in (33)
results from the in-phase reflection of the incident mag-
netic field at the electric wall terminating the circular
guide.

Equations (32) and (33) are transformed into matrix
equations by taking the inner products with testing func-
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tions of (4) and are given by

[E* =Y ] ' [A™][E” | at (®)
(35)

and

[E™ o= (Y"1 {[A1E" Iy~ [20])

at (@).
(36)

The square matrices [Y™], [h™], [Y**], and [#°*] appear-
ing in (35) and (36) are given by (13), (14) and (6), (7). The
elements of these square matrices are therefore obtained
from (24)—(31). The elements of the column matrix [ 4"*3]
are, however, different.

Substituting (34) and (4) into (12), the elements of the
column matrix [41%3] are obtained as

2 475

77( X - 1) J( X))

o sT W oL s’
.Sn — —_—
' (2 )/'=0L'=OCOS( 2L )

1 P X1y Py ., ,
= Xl’l_c; ——'a—JZ Xl/l—‘; sin“¢ | dZ'dX’. (37)

inc,3 __
hyo =

p

Combining (35), (36) and (15), (16), the total tangential
electric fields in the slot aperture at interfaces (@) and ®
are obtained as

[E°]={[U1+[BI[Y™] ' [»][BI}[E™ Iy

at (@)
(38)

at (b
(39)

[E>°) = {[B]+[Y™] [ 1[BI}E Iy

where

[E™ Ta= ({7 (e [BIY™] " [w*1[B]-[U]}
_[ch]~1[2hmc.3]_ (40)
I11.

The analysis presented above permits the evaluation of
the scattering matrix parameters of the T junction of Fig.
1. For this three-port junction S;; =S,,, S;,=S,. Siz=
8,3, and S5, = 8;,. Therefore, the evaluation of S, S,,
Si3, Sy, and Sy, is sufficient for the description of the
complete 3 X 3 scattering matrix of the junction.

The [S] matrix of a junction with dissimilar impedances
of lines connected to the ports satisfies the following
reciprocity relation [7]:

[z;1[s1=[S1[Zz5!] (41)

where [S] is the transpose of the matrix [S]. For the
junction of Fig. 1 the diagonal matrix [Z; '] has diagonal
elements 1/Z,, 1/Z,, and 1/Z,,, Z,, and Z;; being,
respectively, the dominant mode characteristic wave
impedances of the rectangular and circular waveguides.

SCATTERING MATRIX
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Further, since the junction is lossless, the [S] matrix also
satisfies the following relation [7]:

NUERINEIVA

where [S]' is the complex conjugate transpose of [S].

(42)

A. Elements of the Scattering Matrix

The derivation of the expressions for the parameters S,;,
815, 83, of the scattering matrix demands a knowledge of
the dominant mode longitudinal components of the mag-
netic fields H2** and HX™ traveling, respectively, to-
wards ports (1) and (2) of the rectangular guide of Fig. 1
and a knowledge of the dominant mode modal voltage 9¢,
in the circular waveguide when the junction is excited from
port (1).

Using (22) and (2), the amplitude coefficients obtained
from (17) and (18), and the expressions for F, and H,
available in the literature [1, egs. (3) and (5)], evaluation of
the integrals for m =1 and n = 0 yields expressions for the
dominant mode forward and backward traveling waves
HE™ and H**. From these expressions, $), and S, are
obtained as

S = HES/ Hye

or
N 2w qm/L g
Su= L Egl—p- T B D
a1 (qm/2L)*— B% BY2AB
— jcosBL for ¢ odd
{ sin BL for ¢q even (43)
and
S, = (Hénc + Héorw)/Hénc
or
N 2w a/L T
Sp=1+ } EP'— q/2 n
a=1 B (gqm/2L)°—B* BY2AB
— jcosBL for ¢ odd
{ —sin BL forgeven |’ (44)

For the incident field given by (10), the modal voltage is
unity. Hence, the matrix element S,; is defined as

N

a,ly-¢
Z Eq Vll,q
g=1

Sy =07, =

(45)

and V7 , is obtained from (30) by substituting n =1 and
r=1

The matrix elements S,, and S, are evaluated from a
knowledge of the modal voltages of the incident and
reflected waves in the circular guide and of the dominant
mode modal voltage 4 of the wave coupled into port (1)
of the rectangular guide, when the excitation is applied to
port (3).

For an orthonormalized dominant mode incident field
of the form given in (34), the modal voltage is unity [8].
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Therefore, S;; and S;; are expressed as

N
Sy=—1+9)=~1+ } E&Vy .
qg=1

(46)

Si3= g (47)
where ¥7, is the modal voltage of the scattered wave in the
circular guide due to the electric field distribution in the
slot aperture (@), and Vy; , is obtained from (30).

Determination of 4§ appearing in (47) involves deriva-
tion of an expression for the magnetic field traveling into
port (1), which is found using (22), (2), the amplitude
coefficients obtained from (39) and (40), and (3) and (5) of
[1]. The corresponding electric field in the rectangular
guide is obtained from the relations between E and H
[11], from which the modal voltage #¢ is determined [8].
The resulting expression for S, is of the form

. %Emz [4B 2w ga/L
ST BV 2 4BB (gr/2L) - g
.{—jcos,BL forqodd}‘ (48)

sin BL for ¢ even

B. Estimation of Coupling

When the junction is excited from port (1) of the rectan-
gular guide, the expressions for the incident and coupled
powers are of the form

P,=1/2y

m

(49)
and
Peoup = |9111%/ Z3;. (50)
Therefore, the coupling, for the case of excitation from
port (1), is given by )
le
When the excitation is applied to port (3), the expression
for coupling is similarly obtained as

Zy|  dB. (51)

in

Pcoup
C,;=10log > =10log

dB. (52)

01
IV. NUMERICAL AND FXPERIMENTAL RESULTS

For the structure shown in Fig. 1, using (20) and (21),
(24)~(31), (17)-(19), and (37)—(40), the complex amplitude
coefficients are evaluated over the frequency range 8.4 to
9.6 GHz, at the interfaces @ and @7 for a rectangular
coupling slot of dimensions 2L =1.690 cm, 2W = 0.107
cm, and waveguide dimensions 4 =1.016 cm, B = 2.286
cm, ¢ (wall thickness) = 0.127 cm, and a =1.185 ¢cm. The
integrations in (30) and (31) are numerically evaluated
using Gaussian quadrature. The computations are carried
out for the basis functions N =1, 3, and 5.

From a knowledge of the computed complex amplitude
coefficients, the parameters Sy;, S,, Sy, Sy;, and Sy, are
evaluated using (43)-(45), (48), and (46). The numerical
data on S, S},, S5, are presented in Fig. 3, and those on
S13 and S,; are presented in Fig. 4 as a function of
frequency.
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Using the numerical values of the elements of the S
matrix, relations (41) and (42) for the T junction of dissim-
ilar waveguides are verified over the frequency range 8.4 to
9.6 GHz. Carrying out matrix multiplication on the left-
hand side of (42), it is found that the elements of the
principal diagonal of the resulting matrix are exactly equal
to 1/Zy, 1/Zy, and 1/Z;, over the above frequency
range and that the nondiagonal elements are negligibly
small. These results justify the validity of the analysis
presented above.

Using (51), (52), (45), (30), (47), and (48), the variations
of C; and C; are evaluated for the above slot parameters
and waveguide dimensions over the frequency range 8.4 to
9.6 GHz. The two results are found to be exactly identical.
It is found that there is no significant change in the
variation of coupling for N =3 and N = 5. The computed
results are therefore presented for N =5 in Fig. 5. In the
same figure, the variation of coupling with frequency is
also presented for the zero-thickness case (¢ = 0) for N =35.

For the sake of comparison, the experimental data,
obtained using a Hewlett Packard frequency response test
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Fig. 5. Variation of coupling with frequency: (@) r=0 (theoretical),
®) 1 =0.05 in. (theoretical), (©) experimental.

set (type 182 T) and dual directional coupler (type 11692
D), are also presented in Fig. 5. The coupling has been
measured when the signal is fed to port (1) as well as when
the signal is fed to port (3). The two experimental results
differ by about 0.1 to 0.2 dB over the above frequency
range of interest.

V. DiscussioNn

Application of the moment method for investigating the
waveguide junction problem of composite coordinate sys-
tems permits evaluation of the complex scattering matrix
of the junction. The other methods suggested in the litera-
ture [1]-[4] have not been found convenient for the evalua-
tion of the complete S matrix of the junction.

From a knowledge of the scattering parameters, it is
possible to calculate the coupled power and the complex
reflection coefficient for any termination of the ports of
the junction. The numerical and experimental results are,
however, presented for matched termination of the differ-
ent ports.

Using the diagonal elements of the scattering matrix, it
is possible to determine the admittance seen by the genera-
tor at the intersection of the planes of symmetry of the
junction. It is worthwhile to point out that this admittance
is complex, and the frequency for zero susceptance, called
the resonant frequency, changes by about 40 MHz for a
change in slot length of 0.01 cm.

Analysis by the method of moments also permits a
determination of the exact field distribution in the aper-
ture plane of the coupling slot. It is found that the ampli-
tude coefficients resulting in odd field distribution in the
slot aperture become zero when the excitation is applied to
port (3). For excitation from the other ports, however, all
the coefficients have nonzero values; therefore the corre-
sponding electric field in the slot aperture does not have a
purely symmetric distribution.

For the particular circular waveguide chosen for compu-

- tation and experimentation, the cutoff frequency for

the next higher order mode is 9.69 GHz. The results
are therefore presented up to a maximum frequency of
9.6 GHz.
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* The numerical results on the S matrix satisfy the re-
ciprocity and losslessness condition for the three-port net-
work terminated in lines of unequal wave impedances. It is
worthwhile to point out that the losslessness condition
corresponds to the unitary property of the S matrix when
line impedances are identical. Verification of the condi-
tions mentioned above justifies the validity of the analysis.

There is a good agreement between the theoretical and
experimental results of coupling when the effect of finite
wall thickness is taken into account. The theoretical results
for zero wall thickness show a considerable deviation from
those for finite wall thickness.
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